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Electronic materials can sustain a variety of unusual, but symmetry protected touchings of valence
and conduction bands, each of which is identified by a distinct topological invariant. Well-known
examples include linearly dispersing pseudo-relativistic fermions in monolayer graphene, Weyl and
nodal-loop semimetals, bi-quadratic (-cubic) band touching in bilayer (trilayer) graphene, as well
as mixed dispersions in multi-Weyl systems. Here we show that depending on the underlying band
curvature, the shear viscosity in the collisionless regime displays a unique power-law scaling with
frequency at low temperatures, bearing the signatures of the band topology, which are distinct
from the ones when the system resides at the brink of a topological phase transition into a band
insulator. Therefore, besides density of states (governing specific heat, compressibility) and dynamic
conductivity, shear viscosity can be instrumental to pin nodal topology in electronic materials.
Introduction. A plethora of solid state compounds dis-
plays symmetry protected touchings of valence and con-
duction bands only at few isolated points (nodes) in the
reciprocal space [1–7]. They allow to draw parallels with
high-energy physics, when in particular emergent gap-
less quasiparticles are pseudo-relativistic in nature (due
to the linear band dispersion), such as the ones found
in atom-thick monolayer graphene and three-dimensional
Weyl materials. The landscape of nodal Fermi liquids,
however, encompasses territories that lie beyond the
realm of standard Fermi liquids and relativistic systems,
as the bands in the vicinity of the nodes can often ac-
quire a finite curvature. Known examples include the
bi-quadratic (bi-cubic) touching in Bernal bilayer (rhom-
bohedral trilayer) graphene [3], and multi-Weyl semimet-
als displaying distinct power-law dependence on different
components of momenta [8–18], see Fig. 1.
The nodes stand as topological defects in the Brillouin
zone and are characterized by distinct integer topological
invariants, such as the vorticity in two dimensions or the
monopole number in three dimensions. They in turn also
fix the degeneracy of robust metallic boundary modes:
the bulk-boundary correspondence. Furthermore, by ap-
plying uniaxial strain or chemical pressure, for example,
one can trigger collisions between such topological de-
fects, and place the system at the brink of band insula-
tion [19–30]. The system at such topological quantum
critical points (TQCPs) describes an infrared unstable
phase of matter, as shown in Fig. 2. Hence, the kingdom
of nodal Fermi liquids is constituted by a diverse col-
lection of unconventional gapless fermionic systems, and
their characterization in terms of a bulk response (the
optical shear viscosity) is the central theme of this work.
Even though the thermodynamic quantities, such as
specific heat (Cv), compressibility (κ), and the dynamic
conductivity (σˆ) provide valuable insights into the band
curvature (and henceforth the nodal topology), they also
suffer some limitations. For example, owing to the |E|-
linear density of states, Cv ∼ T 2 and κ ∼ T in monolayer
graphene, three-dimensional double-Weyl and nodal-loop
semimetals, at sufficiently low temperatures (T ). On the
other hand, in any two-dimensional isotropic system the
diagonal conductivity σ ∼ e2/h, due to gauge invariance.
Therefore, unambiguous characterization of nodal topol-
ogy demands new bulk probes, which we attempt to meet
by focusing on the shear viscosity in the collisionless or
high frequency regime (~Ω  kBT ). We show that the
shear viscosity ηαβγδ(Ω) displays a richer power-law scal-
ing with frequency (Ω), as it depends on four spatial in-
dices. To this end, we employ the Kubo formalism and
set T = 0 from the outset. Throughout this work we set
~ = 1 and our main results are the following.
In two spatial dimensions all components of the viscos-
ity tensor ηijkl ∼ Ω2/n (i, j, k, l = x, y), where n counts
the momentum-space vorticity of the nodes (topological
invariant). Respectively, n = 1, 2 and 3 correspond to
linear, bi-quadratic and bi-cubic band touching of chiral
fermions, see Fig. 1, relevant for monolayer, Bernal bi-
layer and rhombohedral trilayer graphene. By contrast,
in three-dimensional multi-Weyl semimetals (mWSMs)
η⊥ , ηjjzz, ηzzzz ∼ Ω
2
n+1, ηjzjz ∼ Ω3, ηzjzj ∼ Ω 4n−1,
with η⊥ as the in-plane (x−y) components of the viscosity
tensor. Therefore, the optical shear viscosity can directly
probe the topological charge (n) of the bulk Weyl node.
Furthermore, this observable can also be instrumental
to identify TQCPs, separating a bulk semimetal from a
band insulator, see Fig. 2. Specifically, in two dimensions
ηjjjj , ηjjkk, ηjkkj ∼ Ω 32 , ηxyxy ∼ Ω 12 , ηyxyx ∼ Ω 52 ,
which reflects the absence of rotational symmetry at this
TQCP. On the other hand, in three dimensions
η⊥ , ηzzzz, ηzzjj , ηzjjz ∼ Ω
2
n+
1
2 , ηjzjz ∼ Ω 32 , ηzjzj ∼ Ω 4n− 12 ,
due to the invariance of the system under in-plane rota-
tions about the z-axis.
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2General setup. Here we consider the dynamical (opti-
cal) shear viscosity in the collisionless regime at finite
frequency (Ω) and zero temperature, which is the re-
sponse of an elastic medium to a time-dependent (dy-
namic) volume-preserving (shear) strain perturbation in
terms of the stress tensor. The stress tensor is defined
from the Hamiltonian operator H(k) according to [31–36]
Tαβ(k) = −i[H(k),Jαβ ], (1)
where Jαβ = Lαβ +Sαβ is the total angular momentum,
Lαβ = −xαkβ is the orbital angular momentum, while
Sαβ generates pseudo-spin rotations [33], with the form
that depends on the system, as specified below. Here,
x and k are the position and the momentum operators,
respectively. It can be readily shown that the orbital part
of the stress tensor has the form
T
(o)
αβ (k) = kβ
∂H(k)
∂kα
. (2)
It is important to emphasize that here we mostly consider
systems that feature low energy fermionic quasiparticles
with a reduced rotational symmetry (a subgroup of the
full SU(2) group). Thus, the corresponding spinor field
transforms nontrivially in the pseudospin space only un-
der this reduced rotational symmetry.
The Kubo formula for the viscosity tensor is then given
in terms of the stress tensor correlation function
ηαβγδ(Ω) =
Im Cαβγδ(iΩ→ Ω + iδ)
Ω
, (3)
where in d spatial dimensions
Cαβγδ(iΩ) = −
∫ ∞
−∞
dω
2pi
∫
ddk
(2pi)d
Tr[GF (iω,k)Tαβ(k)
×GF (iω + iΩ,k)Tγδ(k)]. (4)
Notice that to obtain the viscosity tensor, the stress
tensor correlator Cαβγδ(iΩ) at Matsubara frequency iΩ
has to be analytically continued to real frequency iΩ →
Ω + iδ, with δ → 0. The fermion propagator in terms of
the corresponding Hamiltonian H(k) reads as
GF (iω,k) =
iω +H(k)
ω2 +H2(k)
. (5)
The scaling dimension of the viscosity tensor in units of
momentum (inverse length) can be obtained from the
scaling dimension of the stress tensor dim[Tαβ ] = z,
where z is the dynamical exponent, and Eqs. (3) and (4),
yielding dim[ηαβγδ] = d. Furthermore, we point out that
for an isotropic and rotationally symmetric medium in
d spatial dimensions the viscosity tensor is characterized
by only one independent component η(Ω), given by [37]
ηαβγδ(Ω) = η(Ω) Pαβγδ, (6)
where Pαβγδ = δαγδβδ+δαδδβγ− (2/d)δαβδγδ, and δαβ is
the Kronecker δ symbol. In general, however, the num-
ber of independent components of this tensor depends on
FIG. 1. Various topologically protected band touchings in two
and three dimensions. In d = 2, (a) linear, (b) bi-quadratic,
and (c) bi-cubic touching of the conduction and valence bands
can be realized in monolayer, Bernal bilayer and rhombo-
hedral trilayer graphene, respectively. Energy dispersion in
these systems respectively scales as E ∼ kn⊥ with n = 1, 2
and 3, where k⊥ =
√
k2x + k2y. In d = 3, they correspond to
multi-Weyl semimetals with monopole charge n = 1, 2 and 3,
respectively. (d) For k⊥ = 0, E ∼ kz (always). In this con-
struction, the Weyl nodes are separated along the z direction.
the dimensionality and the symmetry of the system. It
can also be explicitly seen for different classes of nodal
semimetals, discussed below.
Topological semimetals. We first consider two-
dimensional topological semimetals, described by the
minimal model in the vicinity of the band touching points
H2Dn (k) = αnk
n
⊥ [cos(nφ)σx + sin(nφ)σy] , (7)
at low-energies, where φ = tan−1(ky/kx), 0 ≤ φ < 2pi,
k2⊥ = k
2
x + k
2
y, and n counts the momentum-space vortic-
ity. The Pauli matrices σ act in the pseudospin space [3].
Notice that dim[αn] = z−n. This system possesses U(1)
rotational symmetry, with the orbital part of the stress
tensor given by Eq. (2). The pseudospin part is obtained
from Eq. (1) by noting that the pseudospin rotations are
generated by Sij = −(n/4)ijzσz, with ijk being the
fully antisymmetric Levi-Civita symbol. After comput-
ing the components of the stress tensor and using the
Kubo formula, the viscosity tensor has the general form
for an isotropic and rotationally symmetric system, dis-
3played in Eq. (6), with d = 2 and
η(Ω) ≡ η(Ω, n) = n
64
(
Ω
2αn
) 2
n
, (8)
which explicitly depends on the vorticity (n) of the band
touching point. Therefore, with increasing vorticity two-
dimensional topological semimetals become more viscous.
In three dimensions, low-energy excitations in a
mWSM near one of the Weyl points, possessing monopole
charge n, with n > 0, is described by the Hamiltonian
from Eq. (7), together with an extra term describing
linearly dispersing quasiparticles along the separation of
Weyl nodes, the z-axis [8–11, 13, 16, 17]
H3Dn (k) = H
2D
n (kx, ky) + vzkzσz. (9)
The system is rotationally invariant only in the x − y
plane for any n > 1, while the full rotational symmetry is
restored for the simple WSM (n = 1). The orbital part of
the stress tensor is given by Eq. (2), while the pseudospin
part is obtained from the generator of the pseudospin ro-
tations about the z-axis, Sij = −(n/4)ijzσz. The result-
ing in-plane components of the viscosity tensor assume
the form in Eq. (6), with a monopole charge-dependent
effective dimensionality associated with the shear viscos-
ity d ≡ d?(n) = (4n+ 2)/(n+ 1), and
η =
n3Γ
(
4 + 1n
)
28+
2
n (n+ 1)(3n+ 1)
√
piΓ
(
5
2 +
1
n
) ( Ω
vz
)(
Ω
αn
) 2
n
,
(10)
where η ≡ η(Ω, n) and Γ(x) is the gamma function. The
remaining components involving the z-direction are
ηzzzz = − 2
n
ηjjzz =
4
n(2n+ 1)
η(Ω, n), (11)
ηjzjz =
n
240pi
(
Ω
vz
)3
+
Ω3(vz − 2α1)
384piα21v
2
z
δn,1, (12)
ηjzzj =
Γ
(
1 + 1n
)
27+
2
n
√
piΓ
(
5
2 +
1
n
) Ω
vz
(
Ω
αn
)2/n
+
1
384pi
(
vz
α1
+
α1
vz
− 1
)
Ω
vz
(
Ω
α1
)2
δn,1, (13)
ηzjzj = F (n)
(
Ω
αn
) 4
n
(
Ω
vz
)−1
+
Ω3(α1 − 2vz)
384piα31vz
δn,1 ,
(14)
where F (n) = Γ(2/n)/[23+4/nn2
√
piΓ(3/2 + 2/n)] and
η ≡ η(Ω, n), see Eq. (10). The simple WSM deserves
special attention, since it features full SU(2) rotational
symmetry, with Sαβ = (i/8)[σα, σβ ] as the generators of
the pseudospin rotations, which yield extra contributions
to the viscosity tensor, see Eqs. (12)-(14). Furthermore,
when in addition the in-plane and out-of-plane velocities
are equal, α1 = vz ≡ v, the system is also fully isotropic
and the viscosity acquires the form in Eq. (6), with
d = d?(n = 1) = 3 and η(Ω, n = 1) = (Ω/v)
3/(640pi).
FIG. 2. A schematic phase diagram of two- and three-
dimensional topological systems, residing at the verge of a
quantum phase transition between a topological semimetal
(pink region) and a band insulator (dark beige region). The
quantum critical point (red dot) separating these two sym-
metry indistinguishable phases is located at ∆ = 0, and hosts
anisotropic semimetal. The proposed scaling of the shear vis-
cosity for such a gapless phase can be observed over the quan-
tum critical regime (purple shaded region) up to a nonuniver-
sal lattice scale EΛ (green dashed line). Here, ω0 ∼ v2x/b and
(α2n/b
n)1/(2−n) in d = 2 and 3, respectively. In d = 2 the
topological semimetal always accommodates massless Dirac
fermions (but, generically anisotropic), while in d = 3 it rep-
resents a mWSM, possessing rotational symmetry in the x−y
plane and is characterized by an integer monopole charge n.
The band insulator can be topological or trivial.
Nodal semimetals at TQCPs. We now examine the
shear viscosity when a bulk nodal semimetal is at the
brink of the topological quantum phase transition (tuned
by ∆) into a band insulator, see Fig. 2. We first consider
a two-dimensional Hamiltonian
H2DTQCP(k) = vxkxσx + (bk
2
y + ∆)σy, (15)
describing symmetry indistinguishable Dirac semimetal
and a band insulator, respectively for ∆ < 0 and ∆ > 0.
They are separated by a TQCP, hosting an anisotropic
semimetal and located at ∆ = 0 [19–27]. Here, the ve-
locity vx > 0 and the band curvature b > 0. Notice that
irrespective of the vorticity, there is only one type of topo-
logical quantum critical theory in two spatial dimensions,
since for any n > 1 the nodal semimetal-band insulator
transition occurs in two steps. First, a vorticity-n nodal
point splits into n copies of simple linearly dispersing (but
anisotropic) points with n = 1, which then collide with
4each other, yielding the band insulator. And the latter
transition is described by the Hamiltonian in Eq. (15).
Notice that rotational symmetry is completely broken in
this process, reflecting the absence of such a symmetry in
the corresponding Hamiltonian operator. Therefore, the
stress tensor is solely given by the orbital part T
(o)
αβ (k),
with four independent components [35]. In turn, we ob-
tain six independent components of the viscosity tensor
ηxxxx = −1
2
ηxxyy = −1
2
ηxyyx =
1
4
ηyyyy =
EK
(
1
2
)
336pi
√
Ω3
v2xb
,
ηxyxy =
9v4
4pib2Ω2
ηyxyx =
3
[
Γ
(− 14)]2
1280pi3/2
(
vx
√
Ω
b3/2
)
, (16)
indeed discerning strong anisotropy due to the absence
of rotational symmetry at the TQCP in two dimensions.
Here EK(x) is the elliptic function of the first kind. This
outcome should be contrasted to the isotropic and ro-
tationally symmetric semimetallic phases, with a single
viscosity coefficient, shown in Eq. (8).
Next we focus on the Hamiltonian [10, 13, 28, 30]
H3DTQCP(k) = H
2D
n (kx, ky) + (bk
2
z + ∆)σz, (17)
describing a TQCP (∆ = 0), separating a three-
dimensional mWSM (∆ < 0) and a symmetry indistin-
guishable band insulator (∆ > 0), see Fig. 2. As the Weyl
points are separated along the z-direction, the quadratic
dispersion at the TQCP appears in this direction. Topo-
logical quantum critical theories in three dimensions are
therefore monopole charge-dependent, reflecting the in-
plane rotational symmetry, in contrast to situation in two
dimensions, where such a symmetry is absent, yielding a
unique theory describing such a transition.
Due to the presence of in-plane pseudospin rotational
symmetry for any n, with the same generator as for
the Weyl semimetallic phase, the in-plane components
of the viscosity tensor are given by Eq. (6), with the ef-
fective dimensionality associated with shear viscosity at
the TQCP d ≡ d?,TQCP(n) = (3n+ 2)/(n+ 1), and
ηTQCP =
(3n+ 2)Γ
(
5
4
)
Γ
(
1 + 1n
)
28+2/n
√
2 piΓ
(
9
4 +
1
n
) √Ω
b
(
Ω
αn
) 2
n
. (18)
Notice that the effective dimensionality at the TQCP is
different than that for the bulk phase due to the difference
in the quasiparticle dispersion in the z-direction in these
two cases. The remaining components of the viscosity
tensor involving the z-direction are obtained only from
the orbital part of the stress tensor, and given by
ηzzzz = − 4
n
ηzzjj =
16 η
TQCP
n(3n+ 2)
, ηjzjz =
5n
672
√
2pi
(
Ω
b
) 3
2
,
ηzjzj =
Γ
(
3
4
)
Γ
(
2
n
)
23+4/n
√
2piΓ
(
7
4 +
2
n
)
n2
(
Ω
b
)− 12 ( Ω
αn
) 4
n
,
ηjzzj = −
Γ
(
5
4
)
Γ
(
1 + 1n
)
64pi22/nΓ
(
9
4 +
1
n
) (Ω
b
) 1
2
(
Ω
αn
) 2
n
. (19)
Notice that all components of the viscosity tensor explic-
itly depend on the monopole charge (n), but this depen-
dence differs in the cases of the bulk semimetal and the
infrared unstable gapless state at the TQCP.
Discussion. We develop a general formalism for com-
puting the elastic responses, and in particular, the shear
viscosity in the collisionless or high-frequency regime, in a
wide class of nodal semimetals that display invariance un-
der a restricted rotational symmetry and/or anisotropic
quasiparticle spectra. We show that in the former class
of systems, the in-plane components of the viscosity as-
sume the form of those in isotropic systems [see Eq. (6)],
with the physical dimension (d) being replaced by an ap-
propriate effective dimension (d?). Specifically in three-
dimensional Weyl materials, d? depends on the monopole
number (n), see d?(n) and d?,TQCP(n). This approach
is also applicable to the nodal semimetals with a quasi-
particle spectrum that depends on an arbitrary power
of momentum in both two and three spatial dimensions.
We show that the scaling of the optical shear viscosity
with frequency can be instrumental for probing the vor-
ticity and the monopole charge of bulk nodal semimet-
als in two and three dimensions, respectively. Further-
more, the scaling of this observable and particularly its
anisotropy can be used to detect TQCPs separating a
nodal semimetal from a band insulator.
Our formalism can be generalized to other classes of
systems with different types of band touching points,
such as bi-quadratic Luttinger fermions in three dimen-
sions [2], birefringent and multirefringent fermions which
realize higher spin fermions in two and three dimen-
sions [38], as well as nodal loop semimetals. Shear vis-
cosity could also be used for probing gapless supercon-
ducting states, in general displaying anisotropic low en-
ergy dispersion of the Bogoliubov-de Gennes quasiparti-
cles [39, 40], which we leave for a future investigation.
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